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Abstract
In European J. Combin. 8 (1987) 121 a characterization, based on parallelism, of the partial
geometry T ∗2 (K) was given. We prove an analogous characterization for the semipartial geometries
T ∗2 (U) and T ∗2 (B).
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
A semipartial geometry with parameters s, t, α and µ, denoted by spg(s, t, α, µ), is a
partial linear space S of order (s, t) satisfying the following axioms.
(i) If a point x and a line L are not incident, then there are either 0 or α (α > 0) points
which are collinear with x and incident with L.
(ii) If two points are not collinear, then there are µ (µ > 0) points collinear with both.
Semipartial geometries were introduced by Debroey and Thas in [4]. A semipartial
geometry such that for each anti-flag, i.e. non-incident point–line pair (x, L), there are
exactly α points on L collinear with x is called a partial geometry [1]. In that case,
condition (ii) is trivially satisfied with µ = α(t + 1) and, conversely, every semipartial
geometry with µ = α(t +1) is a partial geometry pg(s, t, α). A pg(s, t, t) is also known as
a (Bruck) net of order s + 1 and degree t + 1. A semipartial geometry that is not a partial
geometry will be called a proper semipartial geometry. Several examples of partial and
proper semipartial geometries are known; for an overview on these geometries we refer the
reader to [8, 9]. We shall restrict ourselves to those examples that we will need in the rest
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of this paper. A set of three pairwise non-intersecting lines of a semipartial geometry will
be called a triad of lines. Let L be a line of the semipartial geometry S. The set of lines
intersecting L is denoted by L⊥. The trace of a pair of distinct lines L and M is defined to
be the set L⊥ ∩ M⊥ and is denoted by {L, M}⊥. More generally, if A is a set of lines of S
then A⊥ = ⋂{L⊥ | L ∈ A}. If L and M are two distinct lines with {L, M}⊥ = ∅, the span
of the pair {L, M} is the set {L, M}⊥⊥, and hence is the set of lines of S which intersect
every line of {L, M}⊥. The above definitions can of course be dualized for points.
Any line K ∈ {L, M}⊥ which is not incident with the possible intersecting point of L
and M is called a transversal of L and M .
If two lines L and M are concurrent (respectively two points l and m are collinear), then
we write L ∼ M (respectively l ∼ m). If a point l is incident with a line L, then we write
l I L. For x I L, respectively x L, we will often write x ∈ L, respectively x /∈ L; hence
by L ∪ M we will denote the set of all points incident with the line L or M .
A maximal arc K of degree d , with d > 0, in a projective plane π of order q is a
nonempty set of points such that each line of π that intersects K in at least one point
intersects it in exactly d points, i.e., it is a nonempty set of qd − q + d points in π such
that every line of π has either 0 or d points in common with K.
Let K be a maximal arc of degree d in the Desarguesian projective plane PG(2, q)
and embed PG(2, q) as a hyperplane π in PG(3, q). The geometry with as point set the
points of AG(3, q) = PG(3, q)\π , as line set the lines of AG(3, q) whose points at infinity
belong to K and with the natural incidence, is a partial geometry. It is denoted by T ∗2 (K)
and was constructed by Thas [11]. This partial geometry is embedded in an affine space,
and the set of lines is the union of all parallel classes of lines of AG(3, q), whose points at
infinity are the points of the maximal arc K. It is therefore called the linear representation
of the maximal arc K. In [6] De Clerck et al. introduced parallelism between lines of
a partial geometry and characterized the partial geometry T ∗2 (K) using parallelism (see
Theorem 2.1).
In this paper we will prove a similar characterization for the proper semipartial
geometries that are embedded in AG(3, q) as linear representations of a unital U or a Baer
subplane B of the plane π at infinity.
We first describe both examples in detail.
1. Let U be a unital in a projective plane π = PG(2, q2), that is, a set of q3 + 1 points
such that each line of π intersects U in either 1 or q + 1 points. The semipartial
geometry T ∗2 (U) is the linear representation of U ; hence the point set of T ∗2 (U)
consists of the points of AG(3, q2) = PG(3, q2)\π while the line set is formed
by the lines of AG(3, q2) whose points at infinity belong to U . It is easily checked
that T ∗2 (U) is an spg(q2 − 1, q3, q, q2(q2 − 1)).
2. The second example corresponds to the case n = 2 in the following class. Let B be a
Baer subspace PG(n, q) of PG(n, q2). It is easily proved that the linear representation
T ∗n (B) of B is an spg(q2 − 1, (qn − 1)/(q − 1) − 1, q, q(q + 1)). This semipartial
geometry satisfies the following property, known as the diagonal property (D) [3].
If x1 I L I x2, x1 = x2, x ′1 L x ′2, xi ∼ x ′j for all i, j ∈ {1, 2}, with x1, x2, x ′1,
x ′2 points and L a line, then x ′1 ∼ x ′2.
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In [3] Debroey proved the following characterization of T ∗n (B).
Theorem 1.1. Let S be a semipartial geometry with µ = α(α + 1) and α > 1. Then
S ∼= T ∗n (B) if and only if S satisfies the diagonal property.
Finally we will need the following theorem of Debroey and Thas [4].
Theorem 1.2. If S is a proper spg(s, t, α, µ) embedded in AG(3, s + 1), then S is the
pentagon (trivial case), or S ∼= T ∗2 (U), or S ∼= T ∗2 (B).
2. Parallelism
We first introduce the concept of parallelism of lines for semipartial geometries, based
on a similar definition for partial geometries, as given in [6]. Throughout this section we
assume that α = s + 1 and α = t + 1.
Definitions. Let S be an spg(s, t, α, µ) with α > 1. We call two lines L and L ′ of S
parallel (notation: L ‖ L ′) if either L = L ′, or L and L ′ are two different non-intersecting
lines and either there is no point of L collinear with a point of L ′ or there exist two
transversal lines B and B ′ intersecting in a point x /∈ L ∪ L ′. If L and L ′ are parallel
and there is no point on L collinear with a point on L ′ we will write L ‖̂ L ′; in such a case
we say that L and L ′ are ultraparallel.
Let L, M be different lines, L ∩ M = {x} or L ‖ M . We define for any point p,
p /∈ L ∪ M , the integer β(p) with respect to L and M , as |{K | p ∈ K , K ∈ {L, M}⊥}|.
The following Axiom A was introduced in [6] and will be important for the rest of the
paper.
Axiom A. Let L and M be any two distinct intersecting or parallel lines of S. For any
point p on a transversal of L and M , p /∈ L ∪ M , it holds that β(p) = α − |L ∩ M| with
respect to L and M .
Remark. Let p be a point on a transversal of two different intersecting lines L and M ,
p /∈ L ∩ M . If Axiom A is satisfied, then β(p) = α − 1 with respect to L and M;
hence there is a unique line L ′ (respectively M ′) containing p, for which L ′ ∩ L = ∅ but
L ′ ∩ M = ∅ (respectively M ∩ M ′ = ∅ but M ′ ∩ L = ∅). Note that L ′ ‖ M (respectively
M ′ ‖ L).
In [6] any partial geometry with α > 1 satisfying Axiom A was called a net-inducible
partial geometry. In the same spirit we will call a semipartial geometry with α > 1
satisfying Axiom A a net-inducible semipartial geometry. The reason for this name will
become clear soon. We can now formulate the characterization theorem for T ∗2 (K) as
proved in [6].
Theorem 2.1. Let S be a partial geometry (s + 1 = α and α > 1) that satisfies Axiom A,
which has t = α(s + 2) and for which each triad of points is contained in 0, 1 or
(t + 1)/(α + 1) subnets of S of order s + 1 and degree α + 1. Then S ∼= T ∗2 (K).
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Lemma 2.2. Let S be a net-inducible semipartial geometry; then for any two non-
concurrent lines L and M, with {L, M}⊥ = ∅, the set {L, M}⊥⊥ is a set of pairwise
non-concurrent lines.
Proof. Suppose there exists a line K ∈ {L, M}⊥ and let k ∈ K . We will prove that k is
on at most one line of {L, M}⊥⊥. Assume that N, N ′ ∈ {L, M}⊥⊥ with {k} = N ∩ N ′
and N = N ′. Assume w.l.o.g. that k /∈ L and put l := K ∩ L. Then l is contained in a
transversal of N and N ′ (α > 1 implies a second line through l intersecting M and hence
N and N ′). So Axiom A implies that β(l) = α − 1 with respect to N and N ′ while it is
clear that l is contained in α lines of {N, N ′}⊥, a contradiction. Hence the lemma. 
Remark. Let S be a net-inducible semipartial geometry. Copying the proof of Theorem
3.4 of [6] we may conclude that, assuming L and M are two different parallel lines for
which there exists a transversal, |{L, M}⊥⊥| = s + 1. From this it follows (see [7])
that two parallel lines L, M for which there exists a transversal, generate a unique net
of order s + 1 and degree α + 1; this net will be denoted by N (L, M). As in [7] and
[6] one easily sees that any two distinct intersecting lines L ′ and M ′ of S generate a net
N (L ′, M ′) of order s + 1 and degree α + 1, and that also y and L ′′, with y a point not
on the line L ′′ but collinear with α points of L ′′, generate a net N (y, L ′′) = N (L ′′, y) of
order s + 1 and degree α + 1. If L ′, M ′ are lines of N (L, M), with L ‖ M , then clearly
N (L, M) = N (L ′, M ′); if L ′′ is a line of N (L, M) and y is a point of N (L, M), then
againN (L, M) = N (y, L ′′); recall that y /∈ L ′′. Finally three points a, b and c such that a
and b determine a line of S and c is not on this line but is collinear with α points of this line
define a unique net N (a, b, c) = N (〈a, b〉, c) and if a, b and c are points of N (L, M),
then N (a, b, c) = N (L, M).
In the rest of the paper, whenever we are talking about a net, we mean a (Bruck) net of
order s + 1 and degree α + 1 which is a subgeometry of S.
It is now clear why we call a semipartial geometry satisfying Axiom A a net-inducible
semipartial geometry.
Lemma 2.3. Let S be a net-inducible semipartial geometry. If x is a point and L a line
with x not on L but collinear with α points of L, then x is contained in exactly one line M
parallel to L.
Proof. First of all we note that there exists at least one line through x parallel to L, namely
the unique line through x not intersecting L inN (x, L). Assume that there are two lines M
and N through x and parallel to L. Then N (L, M) = N (x, L) = N (L, N). This implies
that in this net x would be contained in two lines parallel to L, a contradiction. 
Lemma 2.4. Let S be a net-inducible semipartial geometry. If L, M, N are distinct lines
with L ∩ M = ∅, L ∩ N = ∅, N (L, M) = N (L, N), then M N.
Proof. If N ∩ M = ∅ then this is trivial. So suppose M ‖ N , M ∩ L = m and N ∩ L = n
with n = m. Then N (L, N) = N (m, N) = N (M, N) = N (n, M) = N (L, M), a
contradiction. 
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Corollary. Let N be a net in a net-inducible semipartial geometry, and let p be point of
S\N that is collinear with at least one point x ofN . Then the α+1 lines through p parallel
to the α + 1 lines in N through x do not intersect N .
Lemma 2.5. If S is a proper net-inducible semipartial geometry, then the following
properties hold.
• Any two non-collinear points are contained in exactly µ/α(α + 1) nets.
• Every line is contained in (t/α) nets.
Moreover,
µ ≤ t
2 − αt − α(α + 1)(t − s − 1)
s + 1 − α (1)
µ ≤ t (t − α)
s + 1 . (2)
Proof. For the proof of the first two statements we refer the reader to [6]. Although the
proof there is given for net-inducible partial geometries it is easily seen that the necessary
counting to obtain these results remains valid for net-inducible semipartial geometries
(recall that a partial geometry is a semipartial geometry with µ = (t + 1)α).
We prove the two inequalities.
Consider a line L and a point p not on L such that p is collinear with α points on L. We
count the number of points distinct from p and the points on L, collinear with p and with
at least one point on L. First of all the α lines through p intersecting L each contain s − 1
such points, yielding α(s − 1) points. If x is a point on L collinear with p, then each of the
t − 1 lines through x , distinct from L and the line through x and p, contains α − 1 such
points. This yields α(t − 1)(α − 1) points. Finally if x is a point on L not collinear with p,
then there are µ − α points collinear with both p and x that are not incident with L. This
yields another (s + 1 − α)(µ − α) points. Clearly all these points are counted α times, as
they are all collinear with α points on L. Hence we find that the number of points distinct
from p and the points on L, and collinear with p and with at least one point on L, equals
α(s − 1 + (t − 1)(α − 1)) + (s + 1 − α)(µ − α)
α
.
The net N (p, L) contains α(s − 1) + s such points. Let N be a net through L different
from N (p, L). Let p be incident with k lines intersecting N\L. Note that k ≥ 1 and that
p is incident with α lines intersecting L. If x is a point of N\L collinear with p, then p is
incident with α + 1 lines parallel to the α + 1 lines in N through x . Hence k ≤ t − 2α.
Since there are t/α − 1 such nets N , inequality (1) follows.
To prove inequality (2) we consider a line L and a point p with p collinear with no point
on L. Here a net through L contains at most t − α points collinear with p while there are
t/α nets through L. On the other hand there are exactly µ(s + 1)/α points collinear with
p and with α points on L. This proves inequality (2). 
Remarks. (1) From the proof of both inequalities it is clear that equality holds in (1)
and in (2) if and only if for every net N and every point p /∈ N , p is collinear with
exactly t − α points of the net.
78 F. De Clerck et al. / European Journal of Combinatorics 25 (2004) 73–85
(2) Let S be a partial geometry, which is equivalent to µ = α(t +1). Then only the proof
of the first inequality is valid and becomes t2 − (3+ s)αt +α2(s +2) ≥ 0. Assuming
the partial geometry is not a net itself (i.e. t = α), this inequality is satisfied iff
t ≥ α(s + 2), which is exactly the inequality obtained in [6].
In analogy with [6] we will assume now that equality holds in (1) and (2). A net-
inducible semipartial geometry for which this holds will be called a maximal net-inducible
semipartial geometry. Hence we have the following lemma.
Lemma 2.6. Let S be a maximal net-inducible semipartial geometry. Let N be a net and
suppose that p is a point such that p /∈ N . If x ∈ N is a point collinear with p, then every
line through x in N is parallel to exactly one line through p (not intersecting N ) and the
remaining t − α lines through p intersect N .
Proof. This follows from remark (1) and the corollary of Lemma 2.4. 
Lemma 2.7. If S is a proper maximal net-inducible semipartial geometry spg(s, t, α, µ),
then µ = (α + 1)(t − s − 1). Furthermore α must divide s + 1.
Proof. Using (2) we eliminate t2 from (1) and then solve (1) which yields the desired form
for µ. Since by Lemma 2.5 α must divide µ and t and obviously cannot divide α + 1, it
follows that α | s + 1. 
Lemma 2.8. Let S be a maximal net-inducible semipartial geometry and let N1, N2 be
two distinct nets through a line L. Suppose M ∈ N1, M ‖ L, M = L, and N ∈ N2,
N ‖ L, N = L. Then M ‖ N.
Proof. If no point of N is collinear with a point of M , then clearly M ‖ N . So suppose
that there exists a point n on N that is collinear with α points on M . Consider a point
m ∈ M with n ∼ m. From Lemma 2.6 we know that N must be parallel to a line K of N1
through m. Assume that this line intersects L in a point x . Then x would be contained in
two lines parallel to N , namely L and K , a contradiction by Lemma 2.3. We conclude that
K = M . 
Notation. We denote by
⋃NL the set of all points that are contained in a net through the
line L.
Lemma 2.9. Let S be a proper maximal net-inducible semipartial geometry and let (m, L)
be an anti-flag of S, such that m is not collinear with any point of L. Then there are t lines
through m intersecting
⋃NL in t/α−1 points and there is a unique line through m whose
points are not collinear with any point of L.
Proof. Let K be a line through m with the property that K ∩⋃NL = ∅, and such that
there are at least two nets, say N1 and N2, through L having empty intersection with K . It
is clear that K L. Let k ∈ K ∩⋃NL , and let l be a point on L collinear with k. The net
Ni contains a line Mi through l parallel to K , with i = 1, 2. By Lemma 2.6 M1 = M2. So
N1 = N2, a contradiction.
Let R be a line through m with the property that R ∩⋃NL = ∅, say r ∈ R ∩⋃NL .
Let l be a point on L collinear with r . Let R′ be the unique line through l parallel to R.
Then R has no point in common with the netN (L, R′).
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Hence if T is a line through m having a nonempty intersection with
⋃NL , then T
intersects exactly t/α−1 nets through L in a point, while it has no point in common with a
unique net through L. Counting the number of triples {l, d, T } with l ∈ L, d ∈ T , m ∈ T ,
l ∼ d , in two different ways we obtain γ (t/α−1)α = (s+1)µ, with γ the number of lines
through m intersecting
⋃NL . As we have assumed equality in formula (2) of Lemma 2.5,
it follows that γ = t . Now the lemma follows. 
Theorem 2.10. Parallelism between lines is an equivalence relation and each point of S
belongs to exactly one line of each parallel class.
Proof. Let L ‖ M and M ‖ N , with L, M, N distinct lines. There are three possibilities.
• Suppose L ‖̂ M and M ‖̂ N . Hence no point of L∪N is collinear with a point of M . If
there is no point on L collinear with a point on N , then obviously L ‖̂ N . So suppose
there is a line K intersecting L and N . Clearly the line L has no point in common
with
⋃NM . From the previous lemma we know that K has t/α−1 points in⋃NM .
If x is such a point, then we know that since L ∩N (x, M) = ∅, L is parallel to a line
M ′ through x in N (x, M). From the fact that L ‖ M it follows that M ′ must be the
unique line of N (x, M) through x parallel to M . Similarly we see that N is parallel
to M ′. Hence if we consider the net N (L, M ′) we see that this net must contain K
and hence N , so we may conclude that L ‖ N .
• Suppose M is ultraparallel to L but not to N . If there is no point on L collinear with
a point on N we have that L ‖̂ N . So suppose there is a point l ∈ L collinear with a
point n ∈ N . Since L ∩N (N, M) = ∅ it follows that L must be parallel to a line N ′
of N (N, M) containing n. Since L is parallel to M it follows that N ′ ∩ M = ∅, so
we may conclude that N ′ = N , i.e. N ‖ L.
• Suppose that M is ultraparallel neither to L nor to N . In this case Lemma 2.8 applies
and we may conclude L ‖ N .
Let x be a point and let L be a line not containing x . If x is collinear with α points of L,
then by Lemma 2.3 the point x is on exactly one line parallel to L. Now assume that x is
collinear with no point of L. By Lemma 2.9 there is a unique line M through x having no
point in common with
⋃NL . Then no point of M is collinear with a point of L, so L ‖ M .
As parallelism is an equivalence relation this line M is the unique line through x parallel
to L. 
It is now possible to define parallelism between nets. We call two nets N1,N2 parallel
wheneverN1 = N2 or N1 ∩N2 = ∅ (notation:N1 ‖ N2).
Theorem 2.11. Parallelism between nets is an equivalence relation and each point of S
belongs to exactly one net of each parallel class.
Proof. Let N1 ‖ N2 and N1 ‖ N3, with N1,N2,N3 distinct nets. Let xi be a point
of Ni , with i = 1, 2, 3. By Theorem 2.10 the lines of N1 through x1 are parallel to the
respective lines ofN2 through x2, and also to the respective lines ofN3 through x3. Hence,
again by Theorem 2.10, the lines of N2 through x2 are parallel to the respective lines of
N3 through x3. If y were a common point of N2 and N3, then the α + 1 lines through y
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parallel to the α + 1 lines of N2 through x2 would belong to N2 and also to N3. Hence
N2 = N3, a contradiction. So N2 and N3 are parallel.
LetN be a net and let x be a point not inN . We have to show that x is contained in a net
N ′ having no point in common with N . Let M, M ′ be lines through x parallel to distinct
intersecting lines of N . Put N ′ = N (M, M ′). If N and N ′ had a point in common, then,
as before, we would haveN = N ′, a contradiction. HenceN ‖ N ′. 
Lemma 2.12. A maximal net-inducible semipartial geometry S has (s + 1)3 points.
Proof. Let L be a line and N a net such that L is parallel to no line of N . It follows that
L intersects every net parallel to N (includingN ). The previous theorem now implies that
S can be covered by s + 1 disjoint nets. 
3. The characterization of T ∗2 (U)
From Lemmas 2.5 and 2.7 it follows, assuming that S is a maximal net-inducible
semipartial geometry, that t ≥ s + 1 + α.
In this section we will prove, in analogy with [6], that assuming S is a maximal net-
inducible semipartial geometry spg(s, t, α, µ) with t > s + 1 + α, then under some
restriction each of the nets can be embedded in an affine plane, from which it will follow
that S ∼= T ∗2 (U).
Hence in this section we will assume that S is a proper maximal net-inducible
semipartial geometry and that t > s +1+ α (note that this is equivalent to µ > α(α +1)).
Lemma 3.1. If N1,N2 are two distinct nets, then only the following three configurations
can occur:
• N1 ∩N2 = ∅;
• N1 ∩N2 is a line;
• N1 ∩N2 is a set of s + 1 pairwise non-collinear points.
Proof. It is clear that the first two configurations can occur; so suppose that the intersection
of the point sets of N1 and N2, which we will denote by K , is neither empty nor a line. It
is easily seen that two points of K can never be collinear. Let p be a point ofN1 that is not
contained in K and suppose that p is collinear with β points of K (remark that β ≤ α+1).
Then there are t − α − β lines through p intersectingN2 not in K and α + 1 lines through
p belonging to the net N1. Also the unique net through p parallel to N2 contains α + 1
lines incident with p. If one of these α + 1 lines, say M , were contained in N1, then the
line M ′ parallel to M through any given point of K would be contained inN1 ∩N2, clearly
a contradiction. So we have found at least t + α + 2 − β lines through p, which is only
possible if β ≥ α + 1. Hence it must hold that β = α + 1.
Now suppose that |K | = κ . Each of these κ points is collinear with (α + 1)s points
of N1\K while each point of N1\K is collinear with β = α + 1 points of K . Hence the
following equality must hold:
[(s + 1)2 − κ](α + 1) = κ(α + 1)s.
Solving for κ yields κ = s + 1, which proves the lemma. 
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We will denote by
• E ′(N ) the set of all sets of s + 1 pairwise non-collinear points contained in N that
arise as intersections ofN with another net;
• E ′ the set of all sets of s + 1 pairwise non-collinear points that arise as intersections
of two nets;
• E(N ) the set of all lines of S contained in N ;
• E the set of all lines of S.
Lemma 3.2. IfN is a net, then the incidence structureA = (P, E(N )∪E ′(N ), I), with P
the point set ofN and I the natural incidence, is an affine plane iff each element of E ′(N )
is contained in µ/α(α + 1) nets.
Proof. Suppose that each element of E ′(N ) is contained in µ/α(α + 1) nets. It is then
clear that any two points a and b of A are incident with a unique line of A: if a and b are
collinear in S then this line will be the unique element of E determined by a and b; if a and
b are not collinear in S, then, because of our assumption, the µ/α(α + 1) − 1 nets distinct
from N and containing a and b will all determine the same element of E ′(N ). It is also
clear that each line ofA contains s +1 points. HenceA is a 2− ((s +1)2, s +1, 1)-design;
i.e., A is an affine plane of order s + 1.
If there is an element of E ′(N ) not contained in µ/α(α + 1) nets, it is easily seen that
A contains two non-collinear points of S contained in more than one element of E ′(N ), so
A could never be an affine plane. 
Remark. It is clear that each element of E ′ is contained in µ/α(α + 1) nets iff any triad
of points of S is contained in 0, 1 or µ/α(α + 1) nets.
Notation. We will denote by A(N ) the affine plane in which the net N is embedded.
Definition. A coclique K of nexus (n, m) in a semipartial geometry is a set of two by two
non-collinear points such that each point not belonging to K is collinear with either n or m
points of K .
Lemma 3.3. Let S be a proper maximal net-inducible proper semipartial geometry with
the property that each element of E ′ is contained in µ/α(α + 1) nets. Then any element of
E ′ is a coclique of nexus (1, α + 1) of S.
Proof. Let K ∈ E ′ and let p be a point not in K . If there exists a net containing p and
K , then p is collinear with α + 1 points of K (see the proof of Lemma 3.1). Furthermore
it is obvious that whenever p is collinear with two points of K there exists a net through
K containing p. From now on we may assume that p is not collinear with α + 1 points
of K ; hence p is collinear with either 0 or 1 point of K . We have to show that 0 cannot
occur. So assume that p is collinear with no points of K . Let N be any net containing
K and let K ′ be a line parallel to K in A(N ) that contains α + 1 points collinear with
p (note that K ′ exists since t > s + 1 + α and p is collinear with t − α points of N ).
Furthermore let N ′ be the unique net through p parallel to N . If we let Np be the net
through p containing K ′, then it is easily seen that Np will intersect N ′ in an element K p
of E ′. With the exception ofN ′ andNp , all nets through K p will intersectN in an element
of E ′ disjoint from K ′, and hence parallel to it in A(N ). On the other hand, if K ′′ ∈ E ′
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is contained in N , parallel to K in A(N ) and such that p is collinear with α + 1 points
of K ′′, then the net parallel to Np containing any point of K ′′ will contain K ′′ and will
intersect N ′ in an element of E ′ parallel to K p . Hence the net through p containing K ′′
will intersectN ′ in K p . This implies that in N there are exactly µ/α(α + 1) − 1 elements
of E ′ parallel to K in A(N ) that contain α + 1 points collinear with p. If we furthermore
suppose that there are y (respectively z) elements of E ′ contained in N parallel to K in




(α + 1) + y = t − α
µ
α(α+1) − 1 + y + z = s + 1.
Using µ = (α+1)(t−s−1) (by Lemma 2.7), this yields z = 0. This proves the lemma. 
Lemma 3.4. It holds that t = (s + 1)3/2 and α = (s + 1)1/2.
Proof. Let N be a net and p a point not contained in N . Then there is a set C of t − α
points in N collinear with p. We can extend A(N ) to a projective plane P by adding as
line at infinity a new line L∞ with as point set the set of parallel classes of A(N ) and
where such a parallel class is also incident with each line belonging to it. Let C ′ be the set
of points of L∞ defined by the lines ofN . Then the set C ′′ = C ∪C ′ is a set of t +1 points
in P with the property that each line of P contains either 1 or α+1 points of C ′′. Since C ′′
clearly is not a line of P it follows from Tallini Scafati [10] that C ′′ is either a unital or a
Baer subplane. Hence we have that α = (s + 1)1/2. If now C ′′ were a Baer subplane, then
t = s + 1 + (s + 1)1/2 and hence it would follow that µ = α(α + 1), a contradiction with
the assumptions of this section. It follows that C ′′ is a unital and hence t = (s + 1)3/2. 
In order to show that we can embed S in an affine space we will use the following
characterization of affine spaces due to Buekenhout (see [2]).
Theorem 3.5. Let L be a linear space such that
(i) every three non-collinear points generate an affine plane;
(ii) L contains at least three non-collinear points;
(iii) every line of L contains at least four points.
Then L is an affine space.
As this theorem only holds whenever lines contain at least four points we should first
deal with the cases s = 1 and s = 2. But since α | s + 1 (by Lemma 2.7), α = s + 1 and
α > 1, it follows that these cases cannot occur.
So from now on we may suppose that s ≥ 3. If we consider the incidence structure
P = (P, E ∪ E ′, I), with P the point set of S and with I the natural incidence relation, then
P is clearly a linear space satisfying (ii) and (iii) of Theorem 3.5.
Lemma 3.6. Any three non-collinear points of P generate an affine plane.
Proof. Let a, b and c be three non-collinear points of P. There are a number of different
cases to handle.
• If 〈a, b〉 ∈ E and c is collinear (in S) with a point of the line 〈a, b〉, then a, b, c
generate a net N , and hence also the affine planeA(N ) in P.
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• Assume that 〈a, b〉 ∈ E and that c is collinear (in S) with no point on this line.
Consider the lines 〈a, c〉 and 〈b, c〉 of E ′ and any point x ∈ 〈a, c〉\{a, c}. Then
x has to be collinear (in S) with 1 or α + 1 points of 〈b, c〉. Assume that x is
collinear with α + 1 such points. The net containing two of these points and x would
clearly contain the line 〈a, b〉 and the point c; hence c would be collinear with α
points on 〈a, b〉, a contradiction. So x is collinear with a unique point x ′ of 〈b, c〉.
Notice that in fact x is collinear (in S) with exactly one point p of 〈c, d〉 ∈ E ′
with d ∈ 〈a, b〉\{a} and p = d . If x ′ = b the net containing a, b and x would
contain c, again yielding a contradiction. Hence x ′ = b. We next show that the line
〈x, x ′〉 is in fact parallel to 〈a, b〉. From Lemma 3.4 and the fact that the number
of points of S equals (s + 1)3, it follows that in S there are exactly s(s + 1)
points collinear with no point of 〈a, b〉. Hence this point set must be exactly the
set S = {u | u ∈ 〈c, d〉\{d}, d ∈ 〈a, b〉} ∪ {u | u ∈ 〈c, d〉, 〈c, d〉 ‖ 〈a, b〉}. Since
the line Lx through x parallel to 〈a, b〉 must be completely contained in S (since
x is collinear, in S, with no point of 〈a, b〉) and can obviously intersect neither the
line 〈a, b〉 nor the line through c parallel to 〈a, b〉, we have that Lx must have a
unique point in common with 〈c, d〉 ∈ E ′, d ∈ 〈a, b〉. Hence Lx = 〈x, x ′〉, i.e.,
〈x, x ′〉 ‖ 〈a, b〉. This implies that each line parallel to 〈a, b〉 that intersects 〈a, c〉\{c}
intersects 〈b, c〉\{c} and hence belongs to the subspace of P generated by a, b and
c. If one now considers the points a, x and x ′, it is easily seen that the element of E
through c parallel to 〈x, x ′〉 and hence parallel to 〈a, b〉 must belong to the subspace
generated by a, x and x ′ and hence to the subspace generated by a, b and c. In this
way we have a set of s + 1 parallel lines that belong to the subspace generated by
a, b and c. Let y be any point of 〈a, b〉\{b}. Then by applying the foregoing to the
points y, b and c and using the fact that the line through any point of 〈b, c〉 parallel
to 〈a, b〉 is unique, we see that 〈c, y〉 ∈ E ′ must have a point in common with each
of the s + 1 parallel lines. Now consider any point z on any of these s + 1 parallel
lines and any point z′ on the line parallel to 〈a, b〉 containing c, where z, z′ and c are
distinct. Using the same ideas for the triple of points {z, z′, c}, we see that 〈z, z′〉 is
either the line through c parallel to 〈a, b〉 or an element of E ′ that intersects each of
the s + 1 parallel lines. It is now easily deduced that the subspace generated by a, b
and c is an affine plane of order s + 1.
• Finally we have the case where no two elements of {a, b, c} are collinear in S. Since
〈a, b〉 is a coclique of nexus (1, α+1) in S, c is collinear (in S) with either 1 or α+1
points of 〈a, b〉. The first possibility is clearly equivalent to one of the previous cases,
while the second possibility yields that a, b and c are contained in a netN and hence
generate an affine plane A(N ) in P. This concludes the proof of the lemma. 
We can now prove the following theorem.
Theorem 3.7. Let S be a proper maximal net-inducible semipartial geometry
spg(s, t, α, µ) with α > 1. If in addition it holds that each triad of points of S is contained
in 0, 1 or µ/α(α + 1) nets, with µ > α(α + 1), then S ∼= T ∗2 (U).
Proof. From the previous lemma we know that S can be embedded in an affine space
AG(n, s + 1). Since the number of points of S equals (s + 1)3, we see that n = 3.
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In [5] Debroey and Thas classified all proper semipartial geometries embedded in AG(3, q)
(see also Section 1). From their classification it follows that S must be isomorphic to
T ∗2 (U). 
Remark. It is worthwhile to notice that the condition on the triads is necessary. It is related
to the following interesting open problem. Do there exist in PG(6n−1, q) setsH of q3n +1
mutually disjoint PG(2n − 1, q), such that the PG(4n − 1, q) spanned by any two of them
contains exactly qn + 1 elements of H and does not intersect any other element of H, and
such thatH is not arising from a unital in PG(2, q2n)? Such a setH would then be an SPG-
regulus [12] and would yield a maximal net-inducible semipartial geometry with the same
parameters as T ∗2 (U) but not isomorphic to T ∗2 (U), and hence not satisfying the condition
on the triads.
4. The characterization of T ∗2 (B)
In this section we will prove that a maximal net-inducible semipartial geometry with
t = s + 1 + α (and hence µ = α(α + 1)) is isomorphic to T ∗2 (B). In [13] Wilbrink and
Brouwer showed that under a mild restriction on the parameters (which is satisfied here) a
proper spg(s, t, α, µ) with µ = α(α + 1) and α = 3 is isomorphic to T ∗n (B) for some n.
Because of the parameters of S we then have that S ∼= T ∗2 (B) whenever α = 3.
However the technique that we will use to prove the same result when α = 3 will work
for general α and so we will formulate and prove the following theorem for general α.
Theorem 4.1. If S is a (proper) maximal net-inducible semipartial geometry
spg(s, t, α, α(α + 1)) with α > 1, then S ∼= T ∗2 (B).
Proof. First note the following. Let N be any net and let p be a point not in N . Because
we assumed equality in (2), i.e., µ = t (t − α)/(s + 1) = α(α + 1), and as t = s + 1 + α,
it follows that t − α = α2 = s + 1. By Lemma 2.5 every two non-collinear points are
contained in one net and hence the s + 1 points collinear with p in N will be two by two
collinear.
In order to prove the theorem it suffices to show that the diagonal property holds in
S. So let x1, x2, x ′1 and x
′
2 be four distinct points such that x1 is collinear with x2 and
{x ′1, x ′2} ∈ {x1, x2}⊥ while {x ′1, x ′2} ∩ 〈x1, x2〉 = ∅. We must prove that x ′1 and x ′2 are
collinear. We may suppose that x ′1 is not contained in 〈x1, x ′2〉 nor in 〈x2, x ′2〉. First suppose
that x2 is not contained in N (x1, x ′1, x ′2). It then follows from the above that x ′1 is collinear
with x ′2. So from now on we may suppose that x1, x2, x ′1 and x ′2 are contained in a net N .
An easy counting shows that there are exactly α2(α − 1) points not in N collinear with
both x1 and x2. If we consider a net N ′ = N through the line 〈x1, x ′1〉 we see that this net
contains exactly t − 2α = α2 − α points collinear with x2 not in N . Notice that all these
points are collinear with both x1 and x ′1. Since there are t/α − 1 = α possible choices for
N ′ we find α2(α − 1) points not in N collinear with x1, x2 and x ′1. Hence it holds that
each point not in N that is collinear with both x1 and x2 is collinear with x ′1. Furthermore
there exist such points. Of course we can interchange x ′1 and x ′2, from which it follows that
x1 and x2 are both collinear with x ′2, and so we may conclude that each point not in N
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collinear with both x1 and x2 is collinear with both x ′1 and x ′2. This implies the existence of
a point outsideN collinear with x ′1 and x ′2; hence x ′1 is collinear with x ′2. By Theorem 1.1,
we are done. 
5. Main result
We can now reformulate the results of the previous sections in the following theorem.
Theorem 5.1. Let S be a proper maximal net-inducible semipartial geometry
spg(s, t, α, µ), such that each triad of points is contained in 0, 1 or µ/α(α + 1) nets.
Then either S ∼= T ∗2 (U) or S ∼= T ∗2 (B).
Remark. Notice that in the T ∗2 (B) case the condition on the triads is trivially satisfied with
µ/α(α + 1) = 1.
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